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Abstract. Starting from the basic notion of chronology, we provide a natural representation of calendars and
appropriate tools for manipulating them, inside the framework of finite ordinals category. We show that calendars
are closed under infimum and supremum operations but not under direct limits.
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1. Introduction

The concept of Time covers the three fundamental rela-
tions of simultaneity, succession and duration. Unlike
Space, we do not have a direct knowledge of Time. It
is the use of an ‘absolute clock, regular and periodic’
that helps to go through Time. Since 1967, this clock is
legally based on the activity of the atom Cesium 133.1

Calendars give an image of both periodicity and evo-
lution. Without calendars, there is no social organiza-
tion. The two basic units of a calendar, Day and Year,
are based on the rotation of the Earth, respectively
around itself and with respect to the Sun. These two
units are incommensurable. Hence, each civilization
has developed its proper heuristics in order to built its
own calendar, made for overwhelming this drawback,
according to the axiom that there is a natural number
of days in a year. Whatever the choice made, any cal-
endar provides a convenient tool for manipulating si-
multaneity, succession and duration. There are so many
different calendars in use at the same time, because no
calendar is inherently better than an other calendar.

In day-life, calendars are usually given by tables that
provide days, weeks and months inside a year. Days
are packaged into months, whose lengths and numbers
are ad-hoc [1] computed in order to correct the inher-
ent gap in the numbering of days in a year. Months
are numbered or named inside each year, following
a quite periodic sequence. Days are numbered inside
month. Weeks are used to periodicize life into a short

period but are rarely individually named, due to their
artificial built-in. Other calendars are built based on
radio-activity, or Tree-ring or sedimentation, etc., in or-
der to deal with specific domains of science, but their
principles of construction and uses are similar.

Even if calendars help to go through Time, they are
not enough to deal with Time without the most funda-
mental notions of Past, Present and Future. Calendars
provide also an image of these concepts in the way they
are used. Present, or Now is the current day, or week,
or month, or year, depending to the granularity.

Calendars are social powership’s instruments. A cal-
endar is provided with a foundation event—mythic as
the creation of world or foundation of Roma; or real
as the presumed birthday of Christ—. The first year is
numbered year 1 (so the third millennium will begin
the first January 2001). The other years are numbered
following the natural numbers for following years, and
negative numbers for preceding years. But preceding
years are following years with respect to a previous
foundation event. The usage of a calendar depends on
the cultural, legal, and even business orientation of the
populations that use them. In our society, several cal-
endars are used simultaneously. For instance, a family
with children has an academic calendar, one or more
business calendars, perhaps a religious one.

Calendars are human artifacts. Working on calendars
requires knowledges about socialship, granularity the-
ory and datation. This explains why in both Artificial
Intelligence and database areas the necessity has arisen
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of having good and efficient representations of calen-
dars and appropriate tools for manipulating them. This
explains why we were convinced that there must be a
mathematical theory in which calendars would be well
depicted.

The characteristics of a calendar can be partionned
into two sets; intrinsic characteristics which define the
universal qualities of the calendar, and extrinsic char-
acteristics which define the user-dependent or varying
qualities of the calendar. The first intrinsic character-
istics of a calendar is that it supposes the Time to be
a linear ordering. The second one is that calendars are
human artifacts and they are as closed to Time exactly
as bridges are closed to the river which flows under their
arches. The choice of the time domain, being the set of
positive integers, or relative integers, or real numbers
or a fractal set is an extrinsic characteristic of a calen-
dar as far as the semantics of what is a year, a month
or a day is given. How these units are related inside a
particular calendar is extrinsic characteristic but how
these particular relations between units are instances
of the same mathematical object is an intrinsic charac-
teristic. In this paper, we are only concerned with the
intrinsic characteristics of calendars.

In fact, there are two kinds of objects in a calen-
dar, firstly there are chronologies, associated to each
unit, that allow to situate events and to measure peri-
ods of time, and secondly there are relationships be-
tween chronologies, that allow to situate and measure
each event inside the best chronology for it and then
to compare and to synchronize all events in a same
framework. It is possible to measure the period of
time taken by an event inside a chronology (an inter-
val of measure is given by the number of occurrences
of unit that is included in that period and the num-
ber of occurrences of unit that have a non vacuous
intersection with that period [2]. But when one says
that two occurrences of the unit Month do not have
the same length, it is supposed implicitly that there is
a way to measure or compare these two occurrences,
that is with respect to either a relationship with an-
other chronology (for instance: Day) or a revealed time
domain.

The path from one chronology into another one is
a change of granularity. In recent works, calendars are
considered as a particular case of the theory of granular-
ity [3–6]. These works deals with functions that convert
a measure or a mark from one chronology into another
one when some constraints of commensurability and
of synchronization of the origins are achieved.

Our work provides a categorical view of these func-
tions which are the elementary objects on which ele-
mentary operations, called functors, are applied; that
is operations well-known in usual arithmetics on the
set of natural numbers like addition for concatenating
two calendars, or multiplication of a morphism by an
ordinal for iterating a calendar. This point of view is
not only a beautiful conceptual approach but also it
gives families of morphisms which act as generators
of regular (i.e. periodic) calendars, and that allow the
use this framework for the implementation of true cal-
endars as symbolic regular expressions as proposed in
[7]. If the calendar is not regular, it can be viewed as an
infinite sum of generators, exactly in the same manner
as numerical sums.

Natural numbers are used to count finite sets. The
importance of ordinals comes from the fact that, as-
suming the Axiom of Choice, every set can be counted
by an ordinal. The set of natural numbers is an ordi-
nal, denoted by ω and is the smallest ordinal to be not
finite.

Of course, the formalization of chronologies and
calendars requires only ordinals less or equal to ω,
that is natural numbers and their set N. But viewing
them as ordinals allows the use of their categorical
approach due to Girard [8], in which tools already
exist for specifying and manipulating chronologies and
calendars.

Lots of works have been done in this domain re-
cently since Clifford and Rao [9]; among these works
are those of Niezette and Stevenne [7], Wang et al.
[10], Bettini et al. [6, 11], and Lin [5, 12]. Several
definitions have been given about calendars: calen-
dic systems, temporal domains and so on, but they do
not cover exactly the same notions. These works are
based on mathematical structures that do not fit the
conceptual nature of calendars, which obliges their au-
thors to adopt painstaking definitions, involving con-
sistent constraints on objects—functions or partition
of intervals—used in definitions. All these works are
based on a time domain given in advance.

In this paper, we propound conceptual definitions
based on an ordinal framework valid for any ‘kind’ of
calendars found in the literature. Our work consists in
showing that objects, morphisms, direct systems, func-
tors are appropriate tools for the definition of calendars
and their manipulation. We start from the basic notion
of chronology, then we provide a natural representa-
tion of calendars and appropriate tools for manipulat-
ing them inside the framework of the ordinals category
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due to Girard [8]. Hence, we show how this framework
is well adapted for defining and manipulating all these
notions of calendars.

This paper is divided into seven parts. The first one
being this introduction. In the second part we present
our point of view about datation. We introduce first the
notion of a chronology, then the notion of a unit and the
notion of a calendar. This part ends with a revisitation
of McTaggart’s time view in terms of ordinals. In the
third part, we introduce the ordinals background that
allows us to formalize chronologies and to concatenate
or iterate them, then we go on with categories back-
ground before providing definitions for atomic calen-
dars (that link two chronologies). The use of functors,
that is morphisms between categories, allows manipu-
lations on atomic calendars. By the way, we introduce
a family of generators, already proposed in [8] that will
be used throughout this paper. We hope to convince all
researchers in the domain that the notion of a directed
system is precisely what is required for giving the def-
inition of what is a calendar. The description of the
Gregorian-like calendar starting the first day of year
2001 is provided. We end this part with some tools for
comparing calendars. The fourth part concerns the ma-
nipulation of calendars. Operations for describing and
building lattices of chronologies are provided from the
theory of category. We show that any calendar can be
immersed into a dillatice calendar. The fifth part deals
with limits of families of calendars in terms of direct
limit. We revisit Ladkin’s result [13] which proves that
the direct limit of a calendar is not always a calendar,
and we interpret Zeno’s paradoxes. The sixth part is
a comparison between the TUS system of Ladkin and
our work, we analyze also in this part the interpreta-
tion of what Pope Gregory XIII has done suppressing
ten days of october 1582. The last part of this paper is
a short description of related works in both Artificial
Intelligence and in Databases areas and we end with a
conclusion.

2. About Datation

The datation is the determination of the moment where
an event has occurred. It is necessary to have a chronicle
sequence inside which each event is accurately situated
because it coincides with a particular division, locat-
able and computable without ambiguity with respect
to an origin (the only point of the chronicle sequence
belonging to Time). The formalization of this chronicle
sequence is what we call a chronology.

2.1. Chronology

It is necessary to have a common temporal denomina-
tor for events in order to be able to situate each among
the others i.e. to provide a chronology. A chronology
is a measurement of Time which allows to date, i.e. to
assign a number to each event. The first one to try to de-
fine this universal chronology was Gerardus Mercator
(1512–1594). Within 450 pages, he gave an ingenious
‘Chronology from the beginning of the world until
156’: events described by Assyriens, Perses, Grecs,
Romans were synchronized with eclipses and astro-
nomic observations [14]. We argue that the primitive
concept is that of the chronology. The common point
to every chronology is the use of enumeration of unit
occurrences which enable to set without ambiguity any
date. The easiest solution consists in the choice of an
arbitrary occurrence as beginning, denoted by 0, and
then in the enumeration of all posterior occurrences.

So a chronology appears as a pair consisting of
a well-ordered set (modulo simultaneity) and a unit.
As ordinals are the archetypes of well-ordered sets,
a chronology appears as an ordinal2 and a unit.
Chronologies also provide means of measurement in-
sofar as occurrences of unit are supposed to be equally
divided. Clocks are built for providing dynamically
such occurrences but Month or Year are also calendar
units supposed to be so: a journey can last 3 months or
2 years.

2.2. Units

A unit with duration one is associated to every chronol-
ogy, even if, for an external observer, not all unit’s oc-
currences have the same ‘length’, as it is the case for
the unit month in the Gregorian calendar. A chronology
without unit is like any physical measure given without
its dimension, i.e. an absurdity.

Our work is based on the classical notions of physical
size and dimension. To any measure is joined a unit—
or dimension—and an amount (a number of unit’s oc-
currences). In Physics, any unit is proportional to a
standard unit in the adequate field. The standard unit is
itself defined with respect to a universal standard, due
to the unification of space, time, mass and energy.

Temporal domains associated to units such as Month
are sets of occurrences describing exactly the same
quantity with respect to their unit: one occurrence.
But with respect to a finer unit, they describe differ-
ent quantities. A unit means nothing on its own. What
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is meaningful is the definition of one unit with respect
to another unit, i.e. relationships between units. A unit
is commensurable with another unit if and only if each
occurrence of one is a finite number of occurrences of
the other, for instance Week and Day, Month and Day.
Week and Month are not commensurable.

We then have to find a mathematical object that is
a set of adjacent elements and that is also an element,
and functions from one object to another. The category
of ordinals is the candidate.

2.3. Calendars

A calendar is a system which enables to situate events
on a great scale of Time, related to the duration of con-
cerned events, with a hierarchy of units. So a calendar
is a family of chronologies linked to each others. Hence
a calendar can be seen as a family of strictly increas-
ing functions (in order to preserve the order between
events) from chronologies into chronologies, in other
words from ordinals to ordinals.

All common calendars are based upon the notion of
Day and Year, due to earth rotation on itself and around
the Sun. Hour, Minute and Second are subdivisions of
Day, Week is a multiple of Day. Day is a fundamental
unit of usual calendars, millisecond is a fundamental
unit of current computer systems. For instance, the be-
ginning of the Julian Calendar—really a chronology,
with datations written inside a calendar using Days,
Months and Years as units—is the first January, 4713
before J.C. at midday. In this calendar, the day which
begins at midday the 31 December, 1899 has the num-
ber 2,415,020 in Day units.

Calendars formalisations are based following either
a top-down or a bottom-up manner. In the top-down
manner, from the highest unit, whose occurrences are
numbered3 0, 1, etc., a finite decreasing sequence of
units is given [15–17]. Each occurrence of a unit is
named by an integer which corresponds to its place
inside the unit just preceding, except for the highest
unit. For instance, in the hierarchy Year �→ Month �→
Day �→ Hour �→ Minute, and written inside a position
system of enumeration, the sequence [2000, 06, 21, 1,
48] represents Summer’s date in legal time, which is
written, following ISO recommendations, 2000-06-21-
01h48. Associated to these definitions, a set of axioms
describes relationships between units. These axioms
are written inside the framework of Allen’s axiomati-
zation [16, 18, 19] such as [x, 1] begins [x] and [x, 12]
ends [x] for saying that January (encoded 1) is the first

month of a year and December (encoded 12) the last
one. [x , 2, 28] ends [x, 2] for any non leap years and
[x, 2, 29] ends leap4 years.

Other spaces of time can be built by encapsulation of
several adjacent occurrences as Week. Generalized in-
tervals obtained with periodic computation gives other
units such as Monday. The unit Monday is defined as
a periodic subset of Day with a periodic function. This
unit does not define a chronology because there is a
‘gap’ between two occurrences of Monday. It would
be better to speak of this kind of objects as a pseudo-
chronology.

This top down approach is more in used in Artificial
Intelligence area. But the alternative approach is to be
found both in Artificial Intelligence and in Database
works.

Following the bottom up point of view, in [20] cal-
endars are specified as a hierarchical collections of
intervals. What is named calendars in [20] is a chronol-
ogy, i.e. a set of intervals that partitions the Time line.
Each interval is then an occurrence of the Unit. Monday
is not a chronology but simply time collections, ob-
tained by a selection operator. A new chronology can
be obtained uniquely by regarding an existing chronol-
ogy as the new time line and partitioning it by inter-
vals. In the same kind of idea, in [9], Clifford and
Rao define a calendar (named calendars system) built
from a discrete linear enumerable set, named set of
chronons. Chronologies are described in a functional
manner, totally equivalent to interval partitions [21].
They provided facilities such as the composition of
two chronologies being a chronology, but the set of
chronologies is supposed to be linearly ordered. Hence,
the Week chronology is not entitled in the following hi-
erarchy Year �→ Month �→ Day �→ Hour �→ Minute.
Several Allen’s relations are defined in functional terms
but there is no way to build Mondays. In [21] a gener-
alization is proposed in order to allow the coexistence
of Month and Day. In these two works, each unit’s oc-
currence is viewed above as a point and underneath
as an interval. The point is an element of the quo-
tient partition relation, a temporal illustration of ‘point
is the ideal limit of line’ as Leonardo de Vinci wrote
it.5 This is the theory of the ideal elastic that can re-
tract itself into a point or extend itself as far as it is
required.

In the bottom up approach, constructions are retrac-
tions, in the top down approach, they are extensions.
Ladkin [13] proved that the limit of extension embeds
these temporal structures into Q× Q. A similar result
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is obtained here by using direct limits of calendars
(cf part 5).

2.4. More About Time and Ordinals

The use of ordinals in order to catch the notion of time is
not reduced to calendars systems, but ordinals contain
in own an intrinsic temporality. McTaggart [22] begins
his proof of the unreality of time with a clear exposition
of three semantically divergent meanings of time:

– temporality as expressed in term of past, now and
future (A)

– the relational order of moments, states, events as ex-
pressed by the relations ‘earlier than’, ‘simultaneous
with’ and ‘later than’ (B)

– the physical mathematical definition of time as a
linear continuum of instants (C)

The first meaning (A) corresponds to the human expe-
rience of Time, based on effectiveness and possibility.
An event is directly accessible if it is present. If it is
only remembered, it has to be said passed, if it is to be
anticipated or waited, it has to be said future. Despite
these three kinds of tense, events do not have the same
modality, they can be taken together, because it is dur-
ing present that takes place the organized perspectives
of past and future, as asserted by Saint-Augustin in
Confessions, book 11. Hence each Now, divides the to-
tally ordered set of TIME in three disjoint parts: one
related to the Past, which is the set of all its prede-
cessors, one restricted to Now, and one related to the
Future, which is the set of all its successors.

A finite ordinal is a non negative integer viewed as
the symbol of a well-ordered type. In fact, as type rep-
resenting, the finite ordinal n is the well-ordering set of
all its predecessors, excluding itself, with the <order.
Hence an ordinal is both an element, for each of its
strict successors, and a set, containing all its strict pre-
decessors. An ordinal, viewed as an element, is both
a point and something else, called a moment in [2] as
an indivisible period of time, which is the thickness
of Now. So an ordinal, written as an integer n, is an
occurrence of a Now and the ordinal n viewed as a
well-ordered type is the Past of n. ‘ω − n + 1’6 is
the future of n. Jean-Yves Girard [8, p. 76] introduced
the term ordinal denotation in opposition with Now in
order to make distinction between the representation
of ordinal by means of other ordinals (what we have
underlined) and by means of a name.

The meaning (B) is expressed by the notion of
chronology, which was already depicted by ordinals.

The meaning (C) concerns physical computations.
For first order requirements, there is no difference be-
tween R and Q. We will recall in this paper that any lin-
ear order is a direct limit of some direct system whose
functions are from ω into ω (i.e. from N into N), that
is a limit of calendars.

3. Ordinals and Calendars: Basic Definitions

The reader is assumed to know the properties of the
set of natural integer N. Ordinals basic notions are in-
troduced with respect to chronologies and calendars.
For more details about ordinals, the reader is invited to
refer to [8, 23–25].

Many of the standard arithmetic operations on nat-
ural numbers can be defined on all ordinals. We are
interested in the successor of an ordinal, the addition
and the multiplication of two ordinals.

In order to deal with calendars, it has been argued
about the need of strictly increasing functions from
ω into ω. The natural frame for that is the theory of
category . The categorical approach of ordinals is due
to Girard [8]. A most synthetics version can be found
in [25].

3.1. Towards Chronology

We recall that a well-ordered set is a set with a linear
order (x < y or y = x or y < x) and no infinite strictly
decreasing sequence. We first begin with the defini-
tion of an ordinal which provides the definition of a
chronology.

3.1.1. Ordinals Background

Definition 1 (Ordinal). An ordered set (E, ≤) is an
ordinal if and only if

– (E, ≤) is well-ordered
– any element of E is a proper subset of E.

For any ordinal α, the set α ∪ {α} is also an ordinal.
It is called the successor of α and denoted by S(α) or
α + 1.

Definition 2 (Successor ordinal, limit ordinal). α is a
successor ordinal iff there exists an ordinal β such that
α = S(β). It is a limit ordinal iff α �= 0 and α is not a
successor ordinal.



P1: GIB

Applied Intelligence KL1483-07 July 16, 2002 17:32

280 Schwer

The class of all ordinals is denoted ON. It is easy to
see that ∅, {∅}, {∅, {∅}}, {∅, {∅}, {∅, {∅}}} are ordinals.
They are denoted respectively 0, 1, 2, 3. A finite ordinal
is of the form n = {0, 1, . . . , n−1} with n ∈ N. The set
of all finite ordinals is an ordinal, denoted ω , and is the
smallest infinite ordinal and the smallest limit ordinal.

3.1.2. Chronology. A chronology is potentially made
for covering all the Time, but the need for changing
calendars in the course of Time and the necessity for
working inside a finite temporal interval in many ap-
plications requires the use of any finite ordinal and ω.
Hence we set

Definition 3 (Chronology). A chronology is a pair
〈α, U 〉 where α is an ordinal such that 0 < α ≤ ω,
named the temporal domain, and U is its unit.

Example 1. 〈ω, Day〉, 〈ω, Hour〉, 〈24, Hour〉 are
chronologies.

Finite chronologies are very useful because we can
iterate or aggregate them for building new ones. Iter-
ation allows building periodic chronologies. For that
purpose we recall the definition of the addition of two
ordinals and the definition of the multiplication of an
ordinal by a finite ordinal that we denote N-product
or by ω, that we denote ω-product. This is in fact an
external operation.

3.1.3. Manipulating Chronologies

Definition 4 (Additions on ordinals). The addition of
two ordinals α and β can be defined by induction on β

as follows:

– α + 0 = α

– α + S(β) = S(α + β)
– α + β = supδ<β(α + δ) for β a limit ordinal.

The only limit ordinal we deal with is ω, the third case
becomes α + ω = ω with alpha ≤ ω.7 If α + β = γ

then β can be denoted as β = γ − α.
As the definition of a chronology 〈α, U 〉 requires

α ≤ ω, ther are only one case to be considered for the
product [23], α ≤ ω and β ≤ ω. We then set:

Definition 5 (Restricted Product on Ordinals).

– the N-product of an ordinal α by an ordinal β < ω

is: α.β = α + · · · + α︸ ︷︷ ︸
β times

– the ω-product of an ordinal α ≤ ω by ω is α.ω

= ω

For manipulating chronologies, we have to define
what is the sum of two units and what is the N-product
of a unit. We propose the following definition:

Definition 6 (Operations on units).

– the addition of two units U and V is the concatena-
tion U ; V . It is read as unit V follows unit U. The
following simplification holds: U ; U = U .

– the {N, ω}-product of a unit U by an ordinal β ≤ ω

is the unit U .

The addition or the {N, ω}-product of chronologies
are natural non commutative operations. For instance,
in [26], we can read prehistoric periods are numbered in
tens millenia, protohistoric periods in millenia and it is
only since the writing invention that civilizations story
is numbered in centuries. This says that human chronol-
ogy in the earth is an addition of three chronologies, the
prehistoric one with unit Ten millenia, followed by the
protohistoric one, with unit Millenium, followed by the
historical one, with unit Century. Other said, the unit
of the human chronology is Ten millenia; Millenary;
Century.

It has to be noted that two chronologies can be added
without any restriction about their units. We can notice
also how non-commutativity of operation is so impor-
tant, as far as chronologies are concerned, because there
is a need for saying the arrow of time moves from the
past to the future. The order in sequence of units is cru-
cial, and therefore, the order of sequence of ordinals is.
Commutativity is an attempt for abolishing the effect
of time.

Definition 7 (Operations on chronologies). Let
〈α, U 〉 and 〈β, V 〉 be two chronologies where α < ω8

and γ be an ordinal <ω. We set:

– the sum of the two chronologies 〈α, U 〉 and 〈β, V 〉,
denoted by 〈α, U 〉 ⊕ 〈β, V 〉, is the chronology 〈α +
β, U ; V 〉 such that ∀x < α + β, x is the (x + 1)th
occurrence of the unit U ; V . If x < α, then x is the
(x + 1)th occurrence of the unit U , else x = α + y
where y < β ) is the (y + 1)th occurrence of the
unit V .

– the N-product of the chronology 〈α, U 〉 by the or-
dinal γ , denoted by 〈α, U 〉 ⊗ γ , is the chronology
〈α.γ, U 〉.
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– the ω-product of the chronology 〈α, U 〉 by the or-
dinal ω, denoted by 〈α, U 〉 ⊗ γ , is the chronology
〈ω, U 〉.

Chronologies are used to situate events inside a se-
quence of predefined or simulated events. Even if units
are supposed to represent, as usual in metrology, the
same piece of time, it is not necessarily the case, and
formally, it cannot be the case because there is no way
of comparison.

When Chevalier [26] speaks about these units, im-
plicitly, he speaks about sets of years. That is to say that
he speaks about a unit related to another unit, which is
supposed to be well-known by every reader. This is why
the most important concept is not that of the ordinal but
the categorical aspect of ordinals.

3.2. Towards Chronologies’ Relationship
or Atomic Calendars

Let us show that the relevant framework for relationship
between chronologies is the ordinal category.

3.2.1. Category Background

Definition 8 (Category). A category T will be char-
acterized by the following data:

– a class Ob(T ), of objects of T
– for all objects x and y of T , the set T (x, y) of

morphisms from x into y.

Let us recall that a morphism h from x into y is a
function from x into y which preserves structures; in-
side ordinals framework, the well-ordering structure:
if (u < v) then (h(u) < h(v)), that is morphisms are
strictly increasing functions.

3.2.1.1. Relevant Categories

– Let α be a positive ordinal. The category ON<α is
defined as follows: objects are ordinals x such that
x is an element of α, and morphisms from x into y
are strictly increasing functions from x into y. We
denote by I (x, y) the set of all these morphisms.
For instance g ∈ I (3, 6) with g(0) = 0, g(1) = 2,
g(2) = 3 is depicted in Fig. 1.

In particular, for any ordinals x and y such that
x ≤ y, we define Exy ∈ I (x, y) by Exy(z) = z; Exx

is abbreviated in Ex .

Figure 1. The morphism g ∈ I (3, 6).

If x is a finite ordinal then I (x, x) = {Ex } and
I (x, y) = ∅ if and only if x > y.

– The category ON is the union of all categories ON<α ,
α being an ordinal.

– The category ONω is defined as follows: there is an
unique object ω and morphisms are strictly increas-
ing functions from ω into ω. Such morphisms are
said to be ω-morphisms.

– The category OL of linear orders is defined as fol-
lows: objects are linear orders and morphisms from x
into y are strictly increasing functions from x into y.

We are now ready to set:

Definition 9 (Atomic calendar). Let 〈α, U 〉 and Au: Pl. check
whether the
end of defn.
is ok?

〈β, V 〉 be two chronologies such that α ≤ β ≤ ω and
let fU V ∈ I(α, β).

The data 〈U, V, fU V 〉 defines a structure named an
atomic calendar.

If α = β = ω then 〈U, V, fU V 〉 is an atomic ω-
calendar.

An atomic calendar has two commensurable units.
The two chronologies appear explicitly with the func-
tion fU V , whose domain is α and whose range or
codomain is β. A chronology 〈α, U 〉 can be viewed as
the atomic calendar 〈α, α, Eα〉, which is an improper
atomic calendar. The other atomic calendars are said to
be proper atomic calendars.

3.2.1.2. Examples

– C1 = 〈U, V, g〉 with g already defined is an atomic
calendar.

– C2 = 〈Day, Hour, fDay,Hour〉, with fDay,Hour =
E1 24, is an atomic calendar.

– C3 = 〈Day, Hour, fDay,Hour〉, with fDay,Hour(i) =
24i , is an atomic ω-calendar. The function
fDay,Hour(i) = 24i only says that any Day unit is
splitted in 24 Hour units. It does not say anything
about the slitting (regular or not).

The postal calendar as lots of calendars of the litera-
ture is called in this paper an atomic calendar. In order
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to manipulate atomic calendars as we did for chronolo-
gies, we have to define the operations of sum, product
not only on the objects (ordinals) but also on the mor-
phisms (strictly increasing functions). That will allow
us to write the morphism of the atomic ω-calendar C3

in terms of E1 24.
Since these definitions are particular cases of the

general notion of functor, the necessary main category-
theory tools will be introduced.

3.3. Manipulating Chronologies
and Atomic Calendars

3.3.1. Functors. Let us recall what is a functor.

Definition 10 (Functor). A functor is an operation
between categories that preserves compositions of
morphisms.

Let T and D be two categories; a functor F from T
into D associates

– to each object x of T , an object F(x) of D;
– to each morphism f of T (x, y), a morphism F( f )

of D (F(x), F(y)) such that:

• for each object x of T , F(1x ) = 1F(x) (1x and
1F(x) being respectively the identity morphisms of
x and of F(x))

• for all morphisms f ∈ T (x, y) and g ∈ T (y, z),
F(g ◦ f ) = F(g) ◦ F( f ).

The two functors of ON that will be used to build new
atomic calendars are the functor sum and a particular
and simple use of the functor product which enables
the cyclical process.

The two functors are not commutative.
Let x, x ′, y, y′ be ordinals such that x .y and x ′.y′ ≤

ω, f ∈ I (x, x ′), g ∈ I (y, y′).

Functor sum from ON2 into ON:

– x + y is the ordinal sum of x an y
– f + g ∈ I (x + y, x ′ + y′) and is defined by

( f +g)(z) = if z < x then f (z) else x ′+g(z−x)

Functor product from ON2 into ON:

– x .y is the ordinal product of x and y,
– f.g ∈ I (x .y, x ′.y′) such that ( f.g)(x .u + t) =

x ′.g(u) + f (t) where u < y and t < x
– in particular we have

Figure 2. Two morphisms: f and g.

• f.Ey ∈ I (x .y, x ′.y) defined by ( f.Ey)(x .u
+ t) = x ′.u + f (t)

• Ex .g ∈ I (x .y, x .y′) defined by (Ex .g)(x .u
+ t) = x .g(u) + t

The cyclical behavior will be provided by the product
f.Ey

The following property will be studied in more de-
tails in a paper in preparation [27] but we used it in
trivial cases in this one.

Proposition 1 (Generators). Any morphism of ON
can be written as a sum (possibly infinite) of Ex y and
Ex .

Let us illustrate the two functors with the two
following morphisms f ∈ I (2, 4) and g ∈ I (3, 6)
with f (0) = 0, f (1) = 1, g(0) = 0, g(1) = 2, g(2) = 3,
depicted in Fig. 2.

Sum The functor sum is the appropriate operator for
concatenating atomic calendars. The effect consists
in a shift in the enumeration of the second atomic
calendar.

For instance, f + g ∈ I (5, 10) and

( f + g)(0) = f (0) = 0, ( f + g)(1) = f (1) = 1,

( f + g)(2) = ( f + g)(2 + 0) = 4 + g(0) = 4,

( f + g)(3) = 6, ( f + g)(4) = 7.

In terms of generators, we have f = E2 4, g = Au: Is
citation of
figs. 3, 4, 12
and 13 ok as
typeset

E1 2 + E2 4 and—remember that sum is not
commutative!— f +g = E2 4 + E1 2 + E2 4 (Fig. 3).

Product If we want to iterate four times the elementary
calendar f , we have to concatenate four times the
morphism f , i.e. to compute f.E4 (Fig. 4). It satisfies
f.E4 ∈ I (8, 16) with

( f.E4)(0) = ( f.E4)(2 × 0 + 0) = 4 × 0 + f (0) = 0,

( f.E4)(1) = ( f.E4)(2 × 0 + 1) = 4 × 0 + f (1) = 1,

( f.E4)(2) = ( f.E4)(2 × 1 + 0) = 4 × 1 + f (0) = 4,



P1: GIB

Applied Intelligence KL1483-07 July 16, 2002 17:32

Formalizing Calendars with the Category of Ordinals 283

Figure 3. The sum of f and g and the decomposition of f + g.

Figure 4. The product f E4.

( f.E4)(3) = ( f.E4)(2 × 1 + 1)= 4 × 1 + f (1) = 5,

( f.E4)(4) = ( f.E4)(2 × 2+ 0) = 4 × 2 + f (0) = 8,

( f.E4)(5) = ( f.E4)(2 × 2 + 1) = 4 × 2 + f (1) = 9,

( f.E4)(6) = ( f.E4)(2 × 3 + 0) = 4 × 3 + f (0) = 12,

( f.E4)(7) = ( f.E4)(2 × 3 + 1) = 4 × 3 + f (1) = 13.

We then have proved the

Proposition 2. The functors sum and product al-
low concatenation of two atomic calendars (and two
chronologies) and construction of a periodic calendar.

As periodicity is a basic property for designing
calendars. We set the following

Definition 11 (Periodic atomic calendar).

– A morphism f ∈ I (α, β) is periodic if there exists a
morphism g ∈ I (α′, β ′) and an ordinal γ ≥ 2 such
that f = g.Eγ .

– An atomic calendar 〈U, V, fU V 〉 is periodic if the
morphism fU V is periodic.

Example 2. Let fDay, Hour ∈ I (ω, ω) and fDay, Hour(i)
= 24i ; since fDay, Hour = E1 24.Eω, 〈Day, Hour,
fDay Hour〉 is an atomic periodic ω-calendar.

3.4. Towards Calendars

We are now ready to embark on creating the framework
of calendars, namely direct systems. In order to help the

reader not familiar with the categorical framework, we
first define an order relation in the family of morphisms
of ON<α [resp. ONω] that says a function f is more
complex than another g if f can be obtained from g by
composition. Then we recall the definition of a directed
set and derive from it the definition of calendars.

3.4.1. Background

Definition 12. Let f and g be two morphisms in the
category ON<α [resp. ONω]; we set f � g if there ex- Au: Pls.

check is it
letter ‘O’ or
zero?

ists a morphism h in ON<α [resp. ONω] such that f =
g ◦ h.

This relation is clearly an order one.

Definition 13 (Directed set). Let I be a non-empty
ordered set; I is directed if it satisfies the following
property: (∀i, j ∈ I ) (∃k ∈ I ) (i ≤ k) and ( j ≤ k).

That is to say that every finite subset of I admits at least
one upper bound.

Example 3. Let I = {y, m, w, d, h} ordered by the
relation depicted in Fig. 5.

A = {y, m, w} is a non-directed set.
B = {y, m, w, d, h} is a directed set.

3.4.2. Calendars

Definition 14 (Direct system). Let I be a directed set.
A direct system in ON<α [resp. ONω], indexed by I , is
a family (xi , fi j )i, j∈I such that:

Figure 5. A direct system.
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1. for all i ∈ I , xi is an object of ON<α [resp. ONω]
2. for all i, j ∈ I such that i < j , fi j ∈ I (xi , x j )
3. for all i ∈ I , fii = Exi

4. for all i, j, k ∈ I such that i ≤ j ≤ k fik = f jk ◦ fi j .

Note that from the Condition 4, it can be deduced that
if i ≤ j ≤ k then fik� f jk .

This definition invites us, when the set I is finite,
to depict a directed system (xi , fi j )i, j∈I as a labeled
Hasse’s graph9 where the set of nodes is the fam-
ily (xi )i∈I and the set of labeled vertices is the family
(〈xi , fi j , x j 〉)i, j∈I,(i< j). The so defined relation is re-
flexive (by 3), transitive (by 4) and the antisymetry is
ensured by the fact that I (x, y) = ∅ iff x > y already
mentioned in Section 3.2.1.

Example 4. Figure 5 provides a direct system in ONω.

Definition 15 (Calendar).

1. A calendar is a direct system in ON<α (α ≤ ω + 1),
indexed by a directed set, named set of units.

2. An ω-calendar is a direct system in ONω, indexed
by a directed set, named set of units.

3. A calendar∗ is a direct system in ON, indexed by a
directed set, named set of units.

4. A calendar (xi , fi j )i, j∈I is periodic if all the mor-
phisms ( fi j )i, j∈I,(i< j) are periodic ones.

Example 5. Figure 5 provides a calendar in ONω. A
node is labelled by the domain of the function, that is
xi , indexed by the associated unit.

What we call a calendar is sometimes named a cal-
endar structure [7]. We have the following proposition:

Proposition 3.

– Let (xi , fi j )i, j∈I be a calendar; for each i within I,
〈xi , i〉 is a chronology (inside the calendar)

– A proper atomic calendar 〈U, V, fU V 〉, with fU V ∈
I (α, β), is a calendar.

Proof:

1. is trivial.
2. The directed set is I = {U, V } with the order

U < V .

3.5. Application: The Gregorian Calendar

In this section, we present the morphisms of the ω-
calendar given above for a part of the Gregorian-like
Calendar starting the first day of year 2001. Firstly we
do the same approximation as in [7, 15, 20], that is we
ignore that every 100 years, the year can be or not be
leap. We start at zero hour the first day of 2001. The first
day is a Monday, which is supposed to be the first day of
a week. Secondly, we take into account the rule about
leap century years but we ignore the other exception.
This approximation provides the true Gregorian dates
until at least the end of 2999. We give first the numerical
description, then the expression using generators.

Let us recall that all morphisms are from ω into ω.

3.5.1. The Approximate Gregorian Calendar

Year → Month There are 12 months in a year.

• fy m(i) = 12.i
• fy m = (E1 12).Eω

Month → Day The first month (January) has 31 days,
the second month (February) has 28 days, and so on.
There is a period of 48 months that corresponds to
3 years with February having 28 days followed by a
leap year with February having 29 days.

• fm d (0) = 0; fm d (1) = 31; fm d (2) = 31 + 28 =
59; fm d (3) = 90; fm d (4) = 120; fm d (5) = 151;
fm d (6) = 181; fm d (7) = 212; fm d (8) = 243;
fm d (9) = 273; fm d (10) = 304; fm d (11) = 334;
fm d (12) = 365;

fm d (u) = 365 + fm d (u − 12) for 12 ≤ u ≤ 37
fm d (u) = 366 + fm d (u − 12) for 38 ≤ u ≤ 47
fm d (u) = 1461 + fm d (u48) for u ≥ 48

• Let us set

g = E1 31+E1 29+E1 31+E1 30+E1 31+E1 30+
E1 31 + E1 31 + E1 30 + E1 31 + E1 30 + E1 31

and

h = E1 31+E1 28+E1 31+E1 30+E1 31+E1 30+
E1 31 + E1 31 + E1 30 + E1 31 + E1 30 + E1 31

then

fm d = (h.E3 + g).Eω

Week → Day A week has 7 days.

• fw d (i) = 7i
• fw d = (E1 7).Eω
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Day → Hour A day has 24 hours.

• fd h(i) = 24i
• fd h = (E1 24).Eω

The others morphisms are defined by composition, that
is if i ≤ j ≤ k, then fi k = f j k ◦ fi j .

Before giving an example, we have to notice that
among the generators Ex y , the generators E1 y are
those that are used for writing calendars’ morphisms.
The following lemma provides two equations that
prove the interest of this family.

Lemma 1. Let α, β two ordinals in ω,

1. (E1 β).Eω ◦ (E1 α).Eω = (E1 β.α).Eω

2. More generally, let βi ∈ ω for 1 ≤ i ≤ α

(
∑

1≤i≤α(E1 βi )).Eω ◦ (E1 α).Eω = (E1
∑

1≤i≤α βi ).
Eω

Proof: Trivial as shown on Figs. 6 and 7.

The composition is hence a matter of substitution as
far as these generators are concerned. Thus, it would
be better to express calendars by the way of generators
and to implement algorithms for the system to make
computations.

For instance,

Year → Day fy d = fm d ◦ fy m .

• fy d (0) = fm d ( fy m(0)) = fm d (0) = 0,

Figure 6. (E1 2).Eω ◦ (E1 3).Eω = (E1 6).Eω .

Figure 7. (E1 1 + E1 3 + E1 3)Eω ◦ (E1 3).Eω = (E1 7).Eω .

fy d (1) = fm d ( fy m(1)) = fm d (12) = 365,
fy d (2) = fm d ( fy m(2)) = fm d (24) = 365 +

fm d (12) = 730,
fy d (3) = fm d ( fy m(3)) = fm d (36) = 365 +

fm d (24) = 1095,
fy d (4) = fm d ( fy m(4)) = fm d (48) = 1461,
and it is easy to show that
fy d (4i + u) = 1461i + fy d (12u) for 0 ≤ u ≤ 3
and i ≥ 0.

• The Lemma 1 gives us fy d = (E1 365 E3 +
E1 366)Eω.

3.5.2. The Gregorian Calendar. The rule according
to leap years is reformulated as such: A year is a leap
year if its number x is divided by 400 or by 4 but not
by 100. We only have to rewrite the expression of the
morphism between Month and Day fm d . We express it
in terms of generators starting from year 2001, that is

fm d = (((h.E3 + g).E24 + h.E4).E3

+ (h.E3 + g).E25)Eω.

This formula is easily readable as a rational expres-
sion: we have a periodicity that we may call a 4Cen-
tenaries. A 4Centenaries is composed of two cycles.
A first cycle, repeated 3 times, made of 24 cycles of a
sequence of 3 normal years and a leap year, followed
by 4 normal years. Then follows 25 times the sequence
of 3 normal years and a leap year.

This unit induces a new chronology 〈ω, 4Cent −
enaries〉 and a new atomic calendar 〈4Centenaries,
Year, f4Centenaries, Year〉 such that

f4Centenaries Year = E1 400.Eω.

The morphism between Year and Day is computed
as

fy d = (((E1 365.E3 + (E1 366).E24 + E1 365.E4)E3

+ (E1 365 E3 + E1 366).E25).Eω.

The morphism between 4Centenaries and Day is
computed as

f4Centenaries Day = E1 365×303+366×97.Eω

= E1 146097.Eω.

3.6. Comparing Calendars

It is important to have a tool for comparing calendars
with respect to its directed set of units. For instance,
adding minutes to the calendar C enables to deal with
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Figure 8. Comparing calendars.

more precise datation. But if we have to work on a large
span of time (countries’ histories), it would be useful
to add Century to the calendar C. So, the natural order
given by the inclusion is not enough for that purpose.
We set the following definition

Definition 16.

– a calendar C = (xi , fi j )i, j∈I is a refinement of a cal-
endar D = (xi , gi j )i, j∈J iff

• J ⊆ I
• (∀i ∈ I − J ), (∃ j ∈ J ) such that (i < j).
• (∀i ∈ J ), ¬( j < i)
• (∀ j, k ∈ J ) fi j = gi j

– a calendar C = (xi , fi j )i, j∈I is a widening of a cal-
endar D = (xi , gi j )i, j∈J iff

• J ⊆ I
• (∀i ∈ I − J ), (∃ j ∈ J ) such that ( j < i).
• (∀i ∈ J ), ¬(i < j)
• (∀ j, k ∈ J ) fi j = gi j

– a calendar C = (xi , fi j )i, j∈I is a subcalendar of a
calendar D = (xi , gi j )i, j∈J iff

• J ⊆ I
• (∀ j, k ∈ J ), x j = xk

• (∀ j, k ∈ J ) fi j = gi j

Note that if C is a widening (resp. refinement) of a
calendar D then D is a subcalendar of C.

Example 6. In Fig. 8,

– (b) is a refininement of (a),
– (c) is a widening of (a),
– (d) is a subcalendar of (a)
– (a) is a subcalendar of (b) and (c).

4. Manipulating Calendars

The plethora number of calendars in use, aca-
demic,working, religious, . . . , and the necessity to con-
struct new chronologies inside calendars for specific
applications require the ability to translate a point of
one calendar into a point or a set of points inside
another calendar. This can be done by the way of a
common unit. The framework of category allows such
constructions.

In this part, we prove that for every pair of chronolo-
gies inside a calendar, it is possible to construct a
chronology supremum and a chronology infimum that
to provide a new calendar. Particularly, every calendar
can be immersed into a calendar having a distributive
lattice structure.

4.1. Basic Definitions

The operations for building supremum and infimum are
introduced and illustrated in Fig. 9.
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Figure 9.

Definition 17 (Pull-back). Let x1, x2, x be objects of

Au: Pls. pro-
vide captions
for figs. 9 and
10

T , and f1, f2 be morphisms from respectively x1, x2

to x . A morphism f3, from an object x3 of T to x , is
said to be a pull-back (denoted by f3 = f1& f2) of f1

and f2 iff

1. there exist T -morphisms f3 1 and f3 2 from x3 to x1

and x2 such that f3 = f1 ◦ f3 1 = f2 ◦ f3 2

2. given any other solution 〈y3, g3, g3 1, g3 2〉, then
there exists a unique morphism h from y3 to x3 such
that g3 1 = f3 1 ◦ h and g3 2 = f3 2 ◦ h

Definition 18 (Push-out). Let x1, x2, x be objects of
T , and f1, f2 be morphisms from respectively x1, x2

to x . A morphism f4, from an object x4 of T to x , is
said to be a push-out (denoted by f4 = f1℘ f2 ) of f1

and f2 iff

1. there exist T -morphisms f1 4 and f2 4 from x1 and
x2 to x4 such that f1 = f4 ◦ f1 4 and f2 = f4 ◦ f2 4

2. given any other solution 〈y4, g4, g1 4, g2 4〉, then
there exists a unique morphism h from y4 to x4 such
that g1 4 = h ◦ f1 4 and g2 4 = h ◦ f2 4

The second condition of the definitions say that if
push-out and pull-back exist, they are unique up to an
isomorphism.

Inside the categories ON<α and ONω, we can say a
little more about push-out and pull-back operators that
justifies their introduction.

Proposition 4. In the category ON<α, pull-backs and
push-out always exist and are uniquely determined and
we have

1. f &g is the infimum and f ℘g is the supremum of the
two morphisms f and g for the relation �.

2. & is distributive with respect to ℘ and ℘ is distribu-
tive with respect to &

3. We have also the following equations:

– rg( f &g) = rg( f ) ∩ rg(g)
– rg( f ℘g) = rg( f ) ∪ rg(g)

where rg( f ) denotes the range of f .

The case of the category ONω is not so fine.
The morphism f &g doesn’t necessarily belong to
I (ω, ω): for instance, if f (i) = 2i and g(i) = 2i + 1
then f &g = E0 ω.

4.2. Application to Calendars

Definition 19. A calendar (xi , fi j )i, j∈I is a (di)lattice-
calendar if 〈{ fi j : i, j ∈ I }, �〉 is a (distributive) lattice.

The aim of the following lemma is the construction
of the “best” dilattice-calendar that can be built from
a calendar, best related to the order �. The idea is the
following: for every subcalendar of 3 units, not linearly
ordered, we add a new unit and all the necessary mor-
phisms which realize the pull-back [resp. push-out].

Lemma 2. Let C be a calendar indexed by (I, <), let
i, j, k ∈ I such that i, j <I k.

1. Let J be the ordered set obtained by adding to I
a new element t = (i& j, k) such that t <J i and
t <J j, and let D be the direct system obtained by
adding to C the morphisms ftn defined as follows.

For each n such that t ≤J n ftt = E(&, i, j, k),
ftk = fik& f jk, where E(&, i, j, k) denotes the
identity on the ordinal that is the domain of
ftk = fik& f jk .

For each n such that k ≤I n, ftn = fin ◦ fti =
f jn ◦ ft j .

Then D is a calendar.
2. Let K be the ordered set obtained by adding to I

a new element s = (i℘ j, k) such that i <K s and
j <K s, and let F be the direct system obtained by
adding to C the morphisms fsn defined as follows.

For each n such that s ≤K n, fss = E(℘, i, j,
k), fsk = fik℘ f jk, where E(℘, i, j, k) denotes the
identity on the ordinal which is the domain of
ftk = fik& f jk .
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For each n such that k ≤J n, fin = fsn ◦ fis and
f jn = fsn ◦ f js .

Then F is a calendar.

Proof:

1. We prove that D is completely determined by the
conditions ftt = E(&, i, j, k) and ftk = fik& f jk .
Since the pull-back of two morphisms in ONα is
always uniquely determined, we set ftk = fik& f jk ;
then, by definition of the pull-back, there exist two
(unique) morphisms fti and ft j such that ftk = fik ◦
fti = f jk ◦ ft j ; for n ≤ k, we set ftn = fkn ◦ ftk .

Since C is a calendar we have ftn = fkn ◦ ftk =
fkn ◦ ( fki ◦ fti ) = ( fkn ◦ fki ) ◦ fti = fin ◦ fti and
ftn = fkn ◦ ftk = fkn ◦ ( f jk ◦ ft j ) = ( fkn ◦ f jk) ◦
ft j = f jn ◦ ft j . Then D is a calendar.

2. we prove that F is completely determined by the
conditions fss = E(℘, i, j, k) and fsk = fki℘ f jk :
since the push-out of two morphisms in ONα is al-
ways uniquely determined, we set fsk = fik& f jk .
Then, by definition of the push-out, there exist two
(unique) morphisms fis and f js such that fik =
fsk ◦ fis and f jk = fsk ◦ f js . For n ≤ k, we set
fsn = fkn ◦ fsk .

Since C is a calendar we have fin = fkn ◦ fik =
fkn ◦ ( fsk ◦ fis) = ( f kn ◦ fsk) ◦ fis = fsn ◦ fis

and f jn = fkn ◦ f jk = fkn ◦ ( f sk ◦ f js) =
( fkn ◦ fsk) ◦ f js = fsn ◦ f js . Then F is a
calendar.

Theorem 1. Any calendar can be immersed into a
dilattice calendar.

Proof: It is an immediate consequence of the above
lemma.

Note that a ω-calendar cannot be still immersed in a
lattice ω-calendar: if f and g ∈ I (ω, ω), f &g doesn’t
necessarily belong to I (ω, ω).

4.2.1. Gregorian Calendar (Continued). Let us re-
call that we start the calendar from Monday, the first of
January, 2001. The lattice is given in Fig. 10.

4.2.1.1. t = (w&m,d)

– ftd = E1 273 + E1 182 + E1 91 + · · · That is, the first
of January, 2001 is a Monday, then we have to wait
273 days before having the first day of a month also
a Monday (this is the first of October), then 182 days
for Monday 1st April 2002, then 91 days for Monday

Figure 10.

1st July 2002 and so on. As 7 is prime to 1461, the
period is 10 227 days for the approximated calendar!

– We have ftd = ftw.E7, hence ftw = E1 40 + E1 27 +
E1 13 + · · ·. That is the week number 40, then 67,
80 . . .

– ftm = E1 9 + E1 6 + E1 3 + · · ·. That is the months
just written.

4.2.1.2. s = (w℘m,d)

fsd = [(E1 7).E4 + E1 3] + [E1 4 + (E1 7).E3

+ E1 3] + [E1 4 + (E1 7).E3 + E1 6] + E1 1

+ [(E1 7).E4 + E1 1] + [E1 6 + (E1 7).E3

+ E1 4] + [E1 3 + (E1 7).E3 + E1 6] + E1 1

+ [(E1 7).E4 + E1 2] + E1 5 + [(E1 7).E3

+ E1 5] + E1 2 + [(E1 7).E4)] + · · ·

The morphism fsd describes the sequence of peri-
ods between two days which begin either a month or
a week. ‘[ ]’ states for months, ‘( )’ states for weeks.
ftd can be deduced from fsd by summation of what is
between ‘[(’ and ‘)]’. This remark enforces the useful-
ness of this framework and is used to compute more
efficiently push-out and pull-back chronologies.

5. More About Calendars

In this part we investigate direct limits, we general-
ize Ladkin’s result [13] about infinite refinement of
calendars and give an interpretation of Zeno’s para-
doxes in that framework. The notion of direct limit is
very similar to the notion of complete metric space [28,
page 54]. One says that a metric space is complete if
every Cauchy sequence has a limit inside the metric
space. If a metric space is not complete, its completion
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is the unique, up to an isomorphism, metric space that
includes it as a dense space.

Based on Jean-Yves Girard’s result [8], it is shown
that a calendar is not a complete structure with respect
to direct limits: in other words it can happen that the
direct limit of a calendar is not a calendar. Interpreting
Zeno’s paradoxes as crossing from one unit to another,
we modelize Zeno’s reasoning by a direct limit of a
particular chain of calendars.

5.1. Direct Limits

Definition 20 (Direct limits). Let (xi , fi j )i, j∈I be a di-
rect system on ON indexed by I . The family (x, fi )i∈I

is the direct limit of (xi , fi j )i, j∈I if and only if the
following conditions hold:

1. x is an object of ON
2. for all i ∈ I , fi is an ON-morphism from xi to x
3. for all i, j ∈ I such that i < j, fi = f j ◦ fi j

4. x = ⋃
i∈I rg( fi ), i.e. every point in x is in the range

of some fi .

We denote (and omit the index I if there is no ambigu-
ity). (x, fi )i∈I = limI (xi , fi j )i, j∈I

From condition 3, it can be deduced that: if i ≤ j
then fi� f j as shown in Fig. 11.

It should be noted that a direct system in ON does
not always accept a direct limit in ON. The direct limit
always exist in OL, in other words the direct limit can
be a linear order which is not an ordinal, Ladkin’s result
is an example of that fact; but if this limit exists in ON,
it is unique [8].

It is usual to mention for a limit of a direct system
only the objects but not the morphisms. According to
that behavior, another important result about direct lim-
its says that

Theorem 2. Every ordinal and every linear order is
a direct limit of integers.

Provided that the index set is large enough! [8].

Figure 11. Direct limit.

For instance we have

– ω = limN(n, En n+1)
– ω + 1 = limN(n + 1, En n+1 + E1)

The following definition corresponds to continuity
for direct limits.

Definition 21 (Limits preserving). Let F be a func-
tor from category T to category D. F is said to pre-
serve direct limits if the following holds: given any
system (xi , fi j )i, j∈I with a direct limit (x, fi )i∈I in T ,
then the system (F(xi ), F( fi j ))i, j∈I has the direct limit
(F(x), F( fi ))i∈I in D.

For calendars, the following theorem is crucial [8].

Theorem 3. The functors sum and product preserve
the direct limits.

5.2. Calendar Direct Limit

We begin by introducing the notion of completion of a
calendar in

Definition 22. Let C = (xi , fi j )i, j∈I be a calendar and
(x, fi )i∈I be its direct limit in OL; C can be extended
into a new direct system C∗ indexed by I ∗ = I ∪ {�},
� being a topmost element, and the extension being
defined by

– x� = x
– fi� = fi

– f�� = Ex�

This extension C* is the completion of C.

We now prove the following result, that generalizes
Ladkin’s result [13].

Theorem 4.

1. If the direct limit of a calendar is an ordinal then
the completion of a calendar is a calendar∗.

2. The completion of a calendar is not necessarily a
calendar∗.

Proof:

1. Let C = (xi , fi j )i, j∈I be a calendar and (x, fi )i∈I

be its direct limit in OL. It is immediate that if x
is an ordinal then the completion C∗ is a calendar∗;
note that C∗ is not necessarily a calendar because x
is generally greater than ω.
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2. For proving that the direct limit of a calendar can
be a linear order which is not an ordinal, we exhibit
a direct system that is closed to Ladkin’s result that
will be studied in its own section.

Let us consider the direct system (2n, fn,n+1)n∈N

where fn,n+1 ∈ I (2n, 2n+1) and is defined by and
fn,n+1(0) = 0 for all n ∈ N and if n > 0 then
fn,n+1(i) = 2i for all i ∈ 2n .

Let us prove that the direct limit of this system is
a linear order isomorphic to Q. For that purpose, it
suffices to show that for any pair of objects α and β

in the direct limit, there exist 3 objects φ, ψ , γ in
the direct limit such that φ < α < ψ < β < γ .

Let α, β ∈ (x, fn)n∈N = lim(ω, fn,2n)n∈N and
suppose α < β.

There exist p, q, i, j ∈ N such that α = f p(i) and
β = fq ( j).

Assume for instance that p < q , then f p = fq ◦
f p,q . So β = fq ( j) and α = fq (k) for k = f p,q (i).

Since α < β, we have k < j ; either k = 0 or k > 0.

– if k = 0, as q < q + 2 we can use the equality

fq = fq+2 ◦ fq,q+2

and write α = fq (0) = fq+2( fq,q+2(0)) = fq+2

(2). fq+2 is an increasing function and 0 < j ,
hence

α < fq+2(3) < fq+2(4 j)

q < q + 1 < q + 2, in the direct system, we have
the equations

fq,q+2 = fq+1,q+2 ◦ fq,q+1 so that fq,q+2( j)

= ( fq+1,q+2 ◦ fq,q+1)( j) = 4 j.

Hence fq+2(4 j) = fq+2( fq+1,q+2( j)) = fq ( j) =
β and α < fq+2(3) < β and fq+2(3) ∈ x so that
ψ = fq+2(3) is a solution.

Now we are going to prove that fq+2(0) <

α < β < fq+1(2 j + 1) and that fq+2(0), fq+1

(2 j + 1) ∈ x :
As q < q + 1 we can use the equality fq =

fq+1 ◦ fq,q+1 β = fq ( j) = ( fq+1 ◦ fq,q+1)( j) =
fq+1(2 j) < fq+1(2 j + 1). j < 2q implies that
2 j + 1 < 2q+1 so fq+1(2 j + 1) ∈ x and γ =
fq+1(2 j + 1) is a solution.

As α = fq+2(2) > fq+2(0), φ = fq+2(0) ∈ x
and is a solution.

– if k > 0 then the same manipulations allow to
write α = fq (k) = fq+1( fq,q+1(k)) = fq+1(2k)
< fq+1(2k + 1) < fq+1(2 j)= fq+1( fq,q+1( j)) =
fq ( j) = β;

Figure 12. Zeno’s paradox.

Moreover fq+1(0) < α and β < fq+1(2 j+1).
So that φ = fq+1(0), ψ = fq+1(2k +1), γ =

fq+1(2 j + 1) ∈ x are solutions of the problem

Hence we conclude that the direct limit x is a dense
linear order without first and last element; hence x
is isomorphic to Q.

5.3. Zeno’s Paradoxes

In the third century B.C., Zeno of Elea set out his rid-
dles of motion. Achilles cannot come abreast of the
tortoise, the runner in the stadium cannot get started,
the arrow must stand still in the air, because for any
spatial distance to be traversed there is an infinity of
sub-distances to be passed. The duration of an infinite
number of acts, irrespective of their lengths, always
adds to eternity. Zeno’s conclusion is that motion is
impossible (Fig. 12).

The question raised by Zeno’s paradoxes is ‘Can an
infinite number of temporal instants be contained in a
stretch of finite length?’

We can interpret the distance to be done as a unit of
time to pass. In order to pass, one has to pass the first
half and then the first half of the second half and so on.

What we have just described is the direct limit of
the system (Enn+1 + E1)n∈N∗ which object is ω + 1.
This result contains both the eternity and the length
achieved. This result embraces both the reality and the
illusion of temporality as G. Franck argued [29].

6. Comparison with the Time Unit System
of Ladkin

The TUS [13] represents naturally calendars based on
linearly directed set in terms of sequences of intervals.



P1: GIB

Applied Intelligence KL1483-07 July 16, 2002 17:32

Formalizing Calendars with the Category of Ordinals 291

Figure 13. From October 1st to October 19th, 1582.

Each element of the sequence represents a particular
year, month, day, hour, minute, second, . . . , the first
element represents the year, the next is the month
in that year and so on. For instance [2000, 3, 21]
represents the day of 21st March, 2000. In addi-
tion to the basic sequences that represent fixed units
of clock time, we need to be able to make arbi-
trary convex time intervals by the operator convex-
ify. For instance convexify ([1987], [2000]) is the
interval containing all years from 1987 to the end
of the century. The system is adequate for defin-
ing other kinds of intervals that are not basic inter-
vals such as Week and Century, providing there is
some logic programming ability in the implementation
language.

The reader can see that both the convexify operator
and the definition of not basic intervals can be achieved
in our framework by adding units and morphisms on
calendars.

Thus, we provide an homogeneous material for
refining calendars.

If we want to deal with an interval of time just
for a while, that is to say not to create a new
chronology, we have only to set an interval on or-
dinals with the unit associated as 〈[1987, 2000],
years〉.

Suppose now that we have the ω-calendar C
with the set of units I = year, month, day, hour,
minute, second, . . . and that we want to had a new
chronology such that all occurrences are a year except
the occurrence number 1987 which represents the 14
years of the interval [1987, 2000].

The new calendar to be built consists to

– add a new unit u in I such that u < year
– add the morphism fu year = E1987 2000 + Eω.

Let us show on a more famous example what has been
done exactly, that is with the gregorian calendar.

6.1. October 1582 Inside the Gregorian Calendar

Let us note that is the way Pope Gregory XIII has taken
when he has decided that Friday the 15th of October,
1582 followed Thursday the 4th of October 1582. From
the chronology of Gjulien day, which is the set of julien
days, but starting at midnight, he convexified the inter-
val corresponding to these ten days and built then the
new chronology of gregorian day. The gregorian enu-
meration datation follows the non-convexified chronol-
ogy, inducing a bad impression of a gap inside the time
line. Then, the construction of the gregorian calendar
requires the use of the julien day chronology (Fig. 13).

This convexification, which induces a gap in the gre-
gorian day numbering, also add a difficulty in the com-
put of finer units. For instance, for hours after Thursday
the 4th of October, 1582 at 10 hours p.m. is supposed to
be the 15th of October, 1582 at 2 hours a.m. This can be
easily computed if the chronology of hours is directly
related to the Gjulien day chronology and a constraint
equation is written to use this chronology for gregorian
day chronology: setting that

fG-day G-hour = fGJ-day G-hour ◦ f −1
G-day GJ-day.

As we can see it, the gregorian calendar must include a
Gjulien calendar, that is the non-convexifed associated
calendar. That explains why astrophysicists use always
a julian day chronology for their datation.

6.2. A Direct Limit for the Main Theorem of Ladkin

We refer to [13] for its construction. As Ladkin
noted it, it system I = {Year, Month, Day, Hour,
Minute, Second, . . .} is clearly extendable to smaller
units such as microseconds and picoseconds, indeed
needs to be extendable to arbitrarily small units of time
(less than the Planck’s Time) in order to prove his main
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theorem. The example given in the proof about the com-
pletion of the calendar can be slightly modified in order
to fit with such a calendar: we define the ω-calendar Cn ,
by In = {Second, 101Second, . . . , 10nSecond} (the fi j

being the obvious ones). Each Cn is a ω-calendar and
Cn+1 is a refinement of Cn , and the family (Cn)n∈N in-
duces a unique direct system Cω which is a refinement
of all theCn , and whose the set of units is Iω = ⋃

n∈N In .
As in the previous proof, the direct limit of Cω is not a
calendar∗, and can be proved to be isomorphic to Q+

(due to the fact that, here, fi j (0) = 0 for all i, j ∈ Iω).

7. Conclusion and Related Works

7.1. Some Formal Related Works

The first formalizations of calendars we found is
Ladkin’s one [13] in the Artificial Intelligence Domain,
and Clifford and Rao [9] in Databases Area. As far
as we know, in computer science area, definitions of
calendars were formally given from two different ap-
proaches: the first one based on Allen’s interval calcu-
lus [17, 18, 20] the second one based on the composi-
tion of functions [9, 10]. For Ladkin [16], sequences of
integers are used to represent a linear hierarchy of stan-
dard units: Year → Month → Day → Hour → Minute
→ Second. [2001, 6, 21, 1, 48, 32] represents the 33rd
second of 7:48 am on 21st June, 2000. The first month
of a year, the first day of a month, the first hour of a day
and the first minute of an hour are denoted 1; but the
first second of a minute is 0! This sequence is written
fmn,s[ fh,mn[,d,mn[ fm,d [ fy,m(0) + 5] + 20] + 7] + 48]
+ 32 with our set of morphisms and because we begin
our calendar by 2001. In order to describe constraints
on units, axioms are formulated. For instance, saying
that there are 12 months in a year is formulated by
[x + 1] starts [x] and [x, 12] ends [x], that we trans-
late fy,m(x + 1) = fy,m(x) + 12, fy,m(x) is named
January and fy,m(x)+11 is named December. In order
to build units outside the linear hierarchy, intervals are
connected together: weeks are defined as intervals of
7 days.

Wang et al. [10] define a time unit as a mapping
from N to 2N such that [Definition 4]: (i) 0 ∈ µ(0), (ii)
for integers i and i1 < i2 < i3, i1, i3 ⊂ µ(i) implies
that i2 ∈ µ(i), (iii) for integers i �= j , µ(i) ∩ µ( j) = ∅,
(iv) for each integer i , there exists an integer j such that
i ∈ µ( j). A time unit µ can be revisited as a morphism
µ̂ = fU V of an atomic ω-calendar 〈U, V, µ̂〉, the se-
mantics of which is the following: the first chronology

gives the unit, the second one is the chronology asso-
ciated to the set of chronons, i.e. the finest chronology
allowed in the application or provided by the system;
µ̂(i) = min µ(i). They also define the partial order
relation ‘to be finer than’ between time units setting
[Definition 5] µ1 ≤ µ2 if and only if for each i , there
exists j ≤ i such that µ1(i) ⊂ µ2( j). So in their
formalism µ1 ≤ µ2, if and only, in our formalism
µ̂1 � µ̂2. They restrict the set of time units to periodic
time units. The bases Ei j and Eω with sum and product
are good materials to write periodic time units as shown
in Section 5. Theorem 4 in [10] asserts that the set of
all time units is a complete lattice with respect to the
finer-than relation. This result is not in contradiction
with our result written in Section 5.2. Indeed, the fam-
ily of time units is a very restrictive family of atomic
calendars: theirs all refer to the same first chronology.

For Leban et al. [20], a calendar is a collection con-
sisting of an infinite sequence of intervals that span the
timeline. Despite the fact that the timeline can be the
set of real numbers, intervals act as integer numbers. A
calendar can be constructed from another calendar by
specifying 〈〈C ; s1; s2; . . . , sn〉〉 where C is the calen-
dar from which the construction is made, (si)1<i<n is
treated as a circular list. The first interval of the con-
structed calendar is the union of the first s1 intervals of
C , the second interval of this calendar is the union of the
next s2 intervals of C , etc. Calendars is either a chronol-
ogy or an atomic calendar. For instance their calendar
MONTHS is defined from their calendar DAYS by

MONTHS ≡ 〈〈DAYS; 31; 28; 31; 30; 31; 30; 31; 31;

30; 31; 30; 31; 31; 28; 31; 30; 31; 30; 31; 31; 30; 31;

30; 31; 31; 28; 31; 30; 31; 30; 31; 31; 30; 31; 30; 31;

31; 29; 31; 30; 31; 30; 31; 31; 30; 31; 30; 31〉〉

This expression has to be compared with fmd =
(h.E3 + g).Eω, h and g being given in Section 3.5.1.
Related to Chandra et al. [17], the notion of calendar
is extended to any collections of intervals, even if the
timeline is not spanned. They deal for instance with
the calendar of holidays, or with the calendar of the
first FRIDAYS of every MONTH. Even if, in the cur-
rent life, one can speak about these sequences of time
as calendars, they are not calendars but a sequence of
dates: each sequence of dates is written on a calendar
or with respect to a calendar. This sequence of dates
is a collection. Niezette and Stevenne [7] define it as a
slice.
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Chandra et al. [17] uses two kinds of operators for
dealing with calendar: dicing and slicing defined by
Leban et al. [20]. The dicing operations provide means
of generating collections from intervals: the dicing op-
erations enable to build morphisms in a refinement
calendars. The slicing operations provide means of se-
lecting dates from calendars: that is for selecting all
first FRIDAYS of each MONTH. With our formalism,
we have

Let K = { fwd (i) + 4/ i ∈ N } is the set of every
Fridays and [ fmd (i), fmd (i + 1) − 1] is the i th month
since the beginning of 2001.

⋃
i∈N{inf(K ∩ [ fmd (i),

fmd (i + 1) − 1])} is the set of every first Friday of each
month since the beginning of 2001.

Let us recall that fsd = [(E1 7)+(E1 7).E3 + E1 3]+
[E1 4 + (E1 7).E3 + E1 3]+ [E1 4 + (E1 7).E3 + E1 6]+
E1 1 + [(E1 7).E4 + E1 1]+ [E1 6 + (E1 7).E3 + E1 4]+
[E1 3 + (E1 7).E3 + E1 6]+ E1 1 + [(E1 7).E4 + E1 2]+
E1 5+[(E1 7).E3+E1 5]+E1 2+[(E1 7).E3)+E1 7]+
E1 7 + [(E1 7).E3 + E1 3]+ E1 4 + [(E1 7).E3 + E1 5]+
E1 2 + [(E1 7).E4 + E1 1] + · · ·

The first Friday of each month is contained in every
first E1 x if (3 ≤ x ≤ 7 ) or in the second one. In the first
case, we substitute to the sequence [E1 x the sequence
[E1 x−3〉 + 〈E1 3, except for the first sequence that
we substitute by [E0 x−3〉 + 〈E1 3. In the second case
we sustitute to the sequence [E1 x + E1 7, the sequence
[E1 x +E1 4〉+〈E1 3. By the end, we sum the morpisms
between 〈 and 〉.

We obtain: E0 4 + E1 28 + E1 28 + E1 35 + E1 28 +
E1 28 + E1 35 + E1 28 + E1 35 + E1 28 + E1 28 + E1 35.

In [7], Calendars are defined as periodic infinite set
of consecutive intervals which partition time, such as
Year, Week, etc. Calendars are then periodic atomic
calendars where the finer chronology is common to all
periodic atomic calendars. The partial order subcalen-
dar is closed to the relation �.

7.2. Calendars in TSQL2

TSQL2 [30] is a temporal extension of SQL-92,
described as a consensus temporal databases. This
proposition is the product of the Tempis project
[31]. A temporal extension of SQL3 follows the
same concepts [32]. In this work, a calendar is
defined as an ordered family of sets of inter-
val partitions on the continuous time-line, assumed
to be quantized into chronons of fixed duration.
Related to our framework, SQL2’s calendars are finite
calendars.

A calendic system ‘are defined as collections of cal-
endars where each calendar covers a contiguous and
non-overlapping portion of the physical time-line that
is named epochs.’ A calendic system is the sum of what
we name calendars, that is a calendar w.r.t. our frame-
work. For instance, the Russian Calendic System is the
sum of the Geologic Calendar, the Carbon-14 Calendar,
the Roman Calendar, the Julian Calendar, the gregorian
Calendar, the Communist Calendar and the gregorian
Calendar. On the physical line, meeting points of each
calendar is given in a common unit (years) and related
to a unique extra Calendar.

In our framework, let (〈YearsCi , αi 〉)1<i<7 the years
units for each of seven calendars depicted, the two
chronologies 〈EpochRC S, 7〉 and 〈YearsRC S,

∑i=7
i=1 αi 〉

and the morphism
∑i=7

i=1 E1 αi suffices for describing
the Years unit of the Russian Calendic System. By tran-
sitivity, the chronology associated to the Chronons is
easily built and so are all common units. The other units
have to be built by algorithms from a finer common
chronology.

We argue that the notion of chronons is an extrinsic
characteristics of calendars as it is connected with the
dream of an absolutely precise clock, supposed to be
provided by the system.

7.3. On-Going Works

In this paper, we have given an unambiguous definition
of what is a calendar, based on both common sense and
mathematics independently of what is the linear time
domain. The basic notion is the notion of a chronology.
The choice of finite ordinals category is rewarded by
the simplicity in the expression of calendars (direct
systems) and of operations on calendars (sum, pull-
back and push-out). What is required for calendars is
provided by basic functors inside the theory.

Let us recall that in this work, we are only concerned
with calendars as objects and not by operations inside
calendars, which require building a good notion of dis-
tance, that has to be independent of the points in use.
For instance, what is the sense of ‘two months in jail’
translated in the unit Day? In real life, this is defined by
laws or by custom. Here these laws are translated into
algorithms that act on morphisms, their inverse, shifts
or boolean operations on ordinals. As we have all these
tools inside our framework, we only have to make ex-
plicit the relationship between a maximal chronology
and a time domain, i.e. to end with what everybody be-
gins to do. We think that this step is independent from
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what is a calendar, that is why we do it as an instantia-
tion step, necessary for any implementation. If the time
domain is the set of non-negative integers, as usually
done in temporal databases systems, this time domain
can be viewed as the maximal chronology (the set of
chronons [33]) without using the notion of partition by
intervals. If the time domain is the set of real num-
bers or rational numbers, any element of a maximal
chronology is an interval. The partition by intervals is
required for the relationship between the chronology
and the time domain.

We are now ready to use our framework in various
directions. First, we are going further on providing and
implementing conversions with our own tools, both in
the case of commensurability of two units, as yet done
in [5] and [6], Ex y and in the incommensurability case
is studied in in terms of generators and in the same
manner we have resolved the example from Chandra
et al. [17]. We will take also advantage of the work
done by Troesh [34] on algorithms for date conversion
based on discrete geometry.

Second, we are investigating the general case of in-
commensurability based on a new kind of interval, in
order to deal with the temporal aspect of granularity
[2].

Calendars containing chronologies with gaps like
working days are analyzed with a new family of
generator morphisms, in order to provide conversion
functions and arithmetical computations inside such
chronologies.

Last, but not least, we are studying agrarian calen-
dars, that describes cycles of events as calendars with
variable ordinals.
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Notes

1. The thirteen General Conference of Weight and Measures has
defined the ‘legal’ second to be the duration of 9 192 631 770
radiation’s periods corresponding to the transition between the
two finest levels of the Cesium 133’s fundamental state. The defi-

nition of the ‘natural’ second, as 1/86400 of a day, is not regular,
due to the not exactly regular rotation of the Earth around itself,
obliges to decide, every 18 months, whether a ‘legal’ second is
added, removed or nothing is done to a day.

2. Recall that a finite ordinal is an integer. The set of all finite ordinals
is the first infinite ordinal denoted ω. It is the order type of N.

3. Or 1, 2, etc. All our examples based on the gregorian calendar
are given in the enumeration which is the one commonly adopted
with respect to each unit: from 1 for Month and Day, from 0 for
Hour and Minute. But in the sequel, we use the same enumeration
for every unit: 0, 1, . . .

4. A year is a leap year if its number x is divided by 400 or by 4 but
not by 100.

5. Leonardo de Vinci died in 1519. The traité de la peinture is a
compilation of its notes. We refer to the Codex Vaticanus Urbinas.

6. The well-ordered set {n + 1, n + 2, . . .}.
7. ω + ω = ω.2 ≥ ω, the addition on ordinals is associative but not

commutative.
8. This is necessary for staying in the family of chronologies.
9. Let us recall that a Hasse’s graph of a finite ordered relation is the

graph of the relation without all transitive and reflexive vertices;
that is x → y if and only if (i) (x, y) is in the relation, (ii) x �= y,
(iii) there is no z /∈ {x, y} such that (x, z) and (z, y) are both in
the relation.
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